LRERTION

/l o¢ demlahve

MaAsXe LoaMele Mg

D Let ¢ be a number in the domain D o a ¢unctron £ - Then £cey (s
called apsowrte maximum value of € on D (f €)% €Cx) €orallx inD
and absolute minimum value i§ € £€x)

Der. The number £y (s a 0cal maximum value o€ € (£ £(cy % €k when X
1S nearc and Local mintmum (f £(e) ££0x)

£00 = XA+ 1B R y)

abs. max: £(-0= 3%

avs. min: £(-3) = -21%

Ex. A

€

local max: €0 =5
% localmin: £(0) =0 k §3)=-2%

BeX » T-ReEeMeEo Vap sl sUsEe ToHsESQoRe Ee Mo
[£ £ 1s contimuous on a closed interval [a/b], then ¢ attains an
absolute maximum value fcc) and an absolute mmiMum valye

€) forsome ¢, in [Q/b].
S wWhere MAY the maximum of min{™mum oceur?

',‘X a cdb
*FeEsRaMaEoT*Te Hefe e ReE*Me %nl

l¢ £ has a (cal maxima or a local minima at ¢ and €°(¢) exists,
then £ =0 . O (s A (ocal min(Ma of {, £'(0) doesn’t ex(st.
Per. A crit(cal number of a unctionf (S @ numper ¢ such that

' £(o) 's de€ined

2 £l =0 of £7¢oy doesnt exist

Ex. Find t™he crifical numper of
@ £ - XY (4-x)
Sat. f(x) = %x" (w-2) - x} =-§'x:§ (3-2%)
It ic easy tosee tnat €(0) doesnt ex(st and ¢y =0.
Hence, 0 V< a crittcal numper o€ ¢, To solve £'(x) =0,
we ophtanh x= i‘ £(3) ts defined - x.=§ (s a critical num-
ber o€ ¢,
® o(xy - 2
S 9'(0) s
So we have g/(0) and g'() are not defined . Since 3(0)=0
and a(O (s not degined, X =0 (S a crrcal number and
(¢ nOt a criffcal number,
Since 3(-2) (g deened |,

Xz Hext 4o solve () =0, we
have x=-2 .

(€€ nas a (ocal moxiMmum orlocal minimum at C, then ¢ i a

k=-2 1's a o+l num.

cr(htcal Numbefl,
Proog. 1€ €CC Aopk not @KiSt, € (8 @ crit(@al munioer. |€ €CC) eXIStS, by
Fermet's Theorem , £C0) = 0. C S a cri4tcal numver o¢ €.

‘j") If ¢ (g acritlcal number, (S £y a local maxima  ora
q\ + loca\ minima ?
To ¢tngd e absolute Mmakimum and abselute Minimum , 0§ Q con -
tnuous €unctton £ on [a,v]:

I Find *he critical numbers and evatuate them

'M‘EQAuHoVOAuLO Ues E»

2 Evalua t® £ and €Cod

Absolute maximum : largest value found (N (1) & (2>
3. s SMmallest value cound tn (1) & (2)
Ex. Find 1he G bsolute maximum x absolute minimum o¢
Y= 3~ 2341 -4 4]
Sal. £700 = 3x* - gx (s decined €or (-5 »u). To solve ¢7(x)=0,
We have ¥=0 or 9 .£(00=\, £(2)=-3, £(-L):=3 , €W =11,

Absolute minimum

The avsdute maximum o€ € (€ (F Anel Abgolut® mMinimum
off (S -3

1 £ 18 conttnuous on Tacv]

2 € (s differentiaple on (acb)
. a

3 Q) = £(0)

Then, there (S a number €a):£(b) ¢ such that 201

EX- Prove X'+ X-1=0 hag exactly (real root

Sal. Firgt, we want 4o prove theretc a reot oex 34X -1 =0. Set
£ =Ky, £C0) 2 V£ (l):.\ - By intermediate value
theorem, there is @ number 04C<] suchthnat €(c) 0 . As-
SUME therear® g roots i< B of €(X) :0. By Rolle’s Twegrem,

there (6@ @ <P § sucntnor FEID. oot WEGETSRIATSAN

weget a contradiction . Merefore, X 4X-1 =0 has exac\y

one root.
' . £lo2-f0
] £1s a conttnuous on [a.v] LAL
/
2 f (s dgerentiable (a(b)
. PY-T{-1¢ ¢ b

£00) -£(a)
o0

Then. here (s o numbecICE@O®BY sucn twatr (o) »

i ﬁé&ﬂﬁ‘&lﬁﬁm

e

k¢ andg are poth continuous on [9/b] and digferentiavle on

(@) (then there (s A C € (arb) such nat (El-FONS ey (%0 9)fiy

Proot. Dpgrne 90X = €(e) - €Ca) - “—'—’3-—"°’(x-m $ince £ (s conttnuoug
on [a/b] and difterentiable on (0ib) . 91's continuous on

Lt

la/o] and digeerent(@ble on (ab). (A3 20 and atk)=0. By
Rolle’s Theorem , 4here (s a number € € (QB) suct thadt
I | £0)-g(0) . ORICY
©2 0@ feor- FER . Trerecor o RSy
Ex. £0): -3, £°(0 ¢ 6 for all X. How large can £(2) pocsible be?
Su. By ¢/(¥) £5 €or All X, We ¥Now € (s continuous on fo/2) and g

dig¢erentiable on (6:2) - BYy MVT, therp (S o number Ce(0,2) suchinat
£ -£00) = £CY(2-0) ¢ 5 (2-0) = g2) £ F10) 410 ¢ F

T, 16 %000 20 on (010) , then H(x)EC on (4:0) lwnere ¢ (s a wom




Proog. Chooce ang O <X1<X;< . By MYT, there (s a numbver %oe (%, %)
CUch tvat FCX)-§(x) = € o) (Xa=X1) gince £(X)Z0 on (arb),we
have g(x) =€(X1). Since x. and Xy are arbirrary , £x) 2 C on
(a,v) where ¢ (S a constant.

Corollary. (€ e =91 , then Hx) 2900 C | ¢ is o constant

Procg. Set W) = £ =3(K) , W)= €10 -9(x) 0. Theregore,
$0-900==CT nere ¢S a conctant.

Knawn- £20° , 9 = [§:94C]

GeRs As P He Ao FoFoEoCoT @

' \** der(vax(ve : (ncreasing /decreastng

! 2 M Jer(varive : concavity /inglectron pornt

l

Classt4y the critical number
3. o Tne | dertvatve test

9 The 2™ dertvative tect
Increacing [ decreacmg

2 L€ £(140 onthe tnteria| I | then £ (€ strictly decreasing on 1,

{GE
"' i €11 does not exist

C

1§ ()20 onthe (nterval 1 , +hen € (s cir(Cily (ncreagingon

How410 ¢ind where £ (¢ (n(reasing x where ¢ (s decreasing -
l Compute €(%)

2 Find the pomnt sucw that €°(x) =0 or £7(x) doeg net exist

Assume -~ <a<b £-P ¢ and n (3) ChooSe d € (arb)

3

i £ £()>0 . £ IS increac(ng on (o)

ll I £CdY €O, £ (s decreasing on (arb)

Tum. Suppose € ¢ conttnuous on [a0], fa): £(b) = 0 and £(x>£0 on (K.
1§ £()40 [#dI?0 on (ab) +nen €(:L0 [£(x) 70 €orall x € (arp).
'Ex. £00) = 34 -yx3 - (2% 5 WWere £ (S INCreasng? where € i decreasing?

Sol. £70¢) = 2XP - 126> - aux = 12 % (X-2)(x+ ) 1S deened €or an xeR. To solve

. + x
€ =0 , we have x=6 , A, - . For Xx»2,¢ (x)=12 x(:-z\(rznw . For

- '] > - 7
04x&2 , £ = \1{0-ﬁ(80<o  For A &x¢O0, (0 = (X x-2)(*) V0. For
£ 22X (k-2 (AN 0. Thergfore |, € (S (NCreas(ng on (&,4)
N7-1Y.

, where (§ £ cncreasma? where (f € decreasng ?

| 20
. For x>o,em=l’;— €00y = S

Tosolve €(x) =0 , we nave x_.e,
ln( ) P 1= (-0
5 E1xy s

To solve €(x) =0 , we have x:-g

X &=\,

and (-1.0) and (s decreastng on (0:2) and (-

lnll

Ex. €(£): —5—

for k<o, €(x) =

9
(e - g " <0

| -In®

f'({e) - 36 %0
€(-1®) - \- !nfé \0’0
€ (-ex) = ““e-'—‘g..<o

Theregore, € (8 (Ncreagingon (-€,0) and (0/€) and is deccea-
$(NQ on (-00,-€) and (e, ).

VAR VA
Roth v local max
/lC (s a critical number

' €70 <0 € has (ocat max(maatC

2 F’<o> {70 € has local minima at C
g (o

70 20 o1 ¢ <o £ has no local
c ()
1

Ex. Fndlthe (ocal mMOX & MmN 0€ €00 = iy
Sot. €700 = Lé“—'t—’; stnce €(-1 1< not degmed , x=-1isnota critical

numper. T0SOWE €(x):0, we have k:0 and -3.

(0234 £7(-52):+-20 5 F(2)=-4 5 £CU) =

Tueregore, ¢ has alocal max at x=-3 and tnere (S no local mmn.
Dep. 1€ fne araph of £ (ies above [peloww all of (1S tangents onan
interval 1, +hen (4 (s called concave upuard fdoponuward onT .

. . £1
€ £ £
¢ £

(#) <0
Concatty Test
I £(0)%0 [ €' (K)40 €orall X onan interval L, 4hen thegraph of
£ (sconcave upward [ downward on L.

Dee. A potnt P(C.£C0)) Ona curve 8=£cx) (s called an ingreckion point
3

extremum at C

£
€

[
(4

“)' 20

0 yo
c

€0 <0
c

The graph near *(c, £ccy)

f e[
- c":o £ o
2 ‘ll" 4 .’_
av.4 #6590

£ = 2+

3N

. ey <o

4 \x £ -
ey <o

The Second Dervattve Tt

Suppese € (¢ conttnuous a+ C
' £¢¢Y=0 5 £7(O) >0

2

fhag a tocatl mintmum at C

£Ccy-0 5 £(c) <O
£has a local makimum atC




£°Ccy and € ()
. use 1 derivarive test

Ex. £0x) = X4 9A(x)= - XM weo =8
2(0):0
€= 9"(0):0
€0):0
£has alocal min at0 (ocal max has no (ocal extrenum

Ex. Discucs 4he cutve Y= X4-ux® with respect 40 concavity , pointof
fngleciion, (ocal minimum or Local maximum
Sol. F(0) = MX3-12X* = 4x2(x-3) 5 €700 123 -2UX =X (x-2)
Ser €00 = XM-ux? X
for ¥ ANA x40, €'(x) >P. %or 0ex¢1 , £°(x) <0 . So . tWe graphot
4z XM - yxd (s concave upward for x>0 andl X <6 and (S concave

dowonward gor 0<x<2. Also (0, €C0)) = (0.0 and (2, £c2))= (2,-16)

| arethe poMs of fngleckion . Stnce £4x) (¢ degined gorallx the
atfical number £(< X0 and Y= bysoling 700 =0, StN@£ () =0
and £9()¢0, € Was a local minimum at X:3. SInCe £7(0) =0,
WE cOnNOt UCe WP Cecond der(vakive tect. SINCe £7(x)<0 ¢oF x¢o
and 04K&3 ¢ nas nolocal extremum O+ X:p,

Le He 0s Sa Pe \& Te As L

Rate
1 ¢,9:different(avie «unct(on wirh 3x) £0 on an orPeN (nterval

1 tnat containga

2 um‘ﬂ'&) O and ‘;‘;2,9(1):0 or Y f(x) =200 or l‘l’:‘og(‘) st00.

> | 4
Then T 553 - o S0 ;‘(';’., Il 14 tmt extsts ((ncludeng £ 00)

Case
’ Indetermimate form /2
© Ex find U 10X
ot ¥ Inx =0 and :::: x=1:0. Use +he @ Hogpttals rule,

W URNE L g
2 Indetermmate €orm //%
X
. Bx. Find Y% 55

" e e" Lt ¥
o P EE S 2 &

e, £x)=0, Y58 900 = £00

* X=a

3 U 09900 : Indeterminate

o, £ 2200, L5 90K = O L
I¢ U €00 =0 for m {58 €000.0(x) = ‘{-’:‘o%’a
Ex. Y% xInx
Sol- ':{4':0 xinx i 'Ho'h?‘w:: lx':'-% E !«fa':"x =0
lom -9y with 5 €00) = W g(x) = 400
4 Indeterminate form // 0 -0
€x. Find 'J:." (T.‘T; ?l-_i)
Sol. Ag x=1* | \nx—»o and x-\ 2 0'. So, ‘.‘:; - 400 ar\d —-L—' +00 ag

= [rm
ko (g - = 1T (R Yo £ 3;:-? e

wH
CH

om, = 2 =i
X4 e inxst

o ]9(!)

5 M [f0o
. Indeterminate form / (®, 0°, O°
Ex. 1o (s iny )

% . In (L reux)

1N (IS INUK) oM ((m acoCuY | o

"m (_\rslnqx)“’"‘, us, emim(ns\nu\ﬂ e

Soi- Set y= (14 sinyx)r

Iny = cotx. In Qrsinux)
mlnyg = {58 cotx.In (1esinux) =4
In (Y53 9) = 4 A ¥e, y = €

lm’) X’x—
Sol. Set 9= xT \ng- xinx
-oo .,u &
W xinx = 9:2')» o = 5% ’%-

So, i% Iny =0 2w Y=1
SaK 4EaTa Cathatl a oo

Slant Asymetote /T oy s#f iR AR

1 (600~ (mx+0)] = 0
In fact , M= ER20nd

orQ » OF =%0 , 4MEre (S no slant asymptote.
CETIOH

] Find e domamn o€ €

2 Intercept : Y-intercept @ (0. £(0))
. x-(Ntercept : (Xo, 0) 5 where f(xo)= O

Symmetry
3. Chece: (1O £0x) = £
i) €(x) = = €(-x)
(ifQ) €(xp) = £(X) 5 p£ O =dperiod 06 £

Agymprotes
4, () veryical asympiotes @ £(¢) (¢ not defined.
Cneck VI £(K) 2200 or UM £(0 2 400
GO hor(zontal asymprotes
cweck % €00 & Ymefeo
(M Slart asymeptotes

ame(me ¥>mx+o is a slant oggmpmtg,
Next, we compute ¢*
5 Increase [ decrease

é Local max « local min (" dervative test)

Next, we compute £

” Concavity K potnt 0f ingleck(on

8 Sketchh 4ne graph

Ex. €(x) = {nx = In (Inx)
Sol. 1. Findtne domatn of §
To degne £ . we require x>0 and (nx»0 , x71 -

sot. (1stnyx)*: e™

we need to nx-In(InX) =0 . Butit(s A reutt.

checke (;_':7” £ extsts and 0. Set m: ""‘ ““ » b2l (frey-mx)

UM, cot - In (1 +Stnyk) = I, i i, SO Dy
K. to&‘!n(us(-uxz e‘

pee. Theline Y- mx+ b, m #0 is called a slant agymptote i€

S=mx]l. 1¢ o, €2 does not extst

Twe domain of

£{SX>1. Stnce XK>1, tNBre (S a0 y-(ntercept. To obtain x-intercept,



2. Asymptote

Since M, (nx-In(nx) = to0, we have x =1 (s a vertical asymercte,
o
2, 1?2 T 7% W02, T (22 = I (s i )2 I (1 ) =00. There

: A alnQax-eey e
s no horizontal agymptote. L, 2228 W L%—“.‘f,’:,. %«

+
3

=l S WM 2O There (S no slant asymetote.
3. Increase ( decrease 5 local max o (ocal min
(‘(K "-T:W-\t-lzxn; = “f‘
for x>, €0 is aeemed To solve € Inx-1=0 for K>, we have,
x=€ . For x¥R ,lnx>1 , and €(x)>0. for (<x¢€, (nx <), and (o
Then we have £(x) (§ (ncreastng for x >€and (s decreasing for
1Kx<€. £ has a (ocal /absplute miniMum £(ey:=| at x:€.
U. Concavity winglection
- el
Set £ =\nX 1o \Ve &£t -1 gor ¢Y0, we have t = I’——"2 anda
7C=e"g. For x>€eg, (tnx)*-Inx-1<0 e
Thegraph o¢ € (s concave usword gor 1 e¥
ep <4 eug' and (g concve domn\»o.\-d fov x>e'¢ Since €“change
stom at 1:€'T (e"" p(e™ )) (¥ L0 () isa
Pomnt o i N{lection.
O¢P » Te | » Me Ae Lo
E. €1 v=iL Minimite the c0St o0 ¢ the metal to manugac-
I 21000 om® fure *ecan

Sol. et hcm (g M€ hetgWt oetnme can and r cm s e radius of
e bottom of tWe can . To MINIMIRE the Cost , we need +© minimize
the Surfale o€ tWecan. TWe area ©f twesur{ace is zrrixanrh, plgq
the volume 10th =1000 = h ='—,?.-% .So , Ve ared of the surface ic

;‘:‘: zamrde &— A = 2 (200 - .g‘g_ =%-[nr‘.;oo']_

Tosolve ACEI=0, we nave r=(B)3 for r)(‘—%o)‘, A(tYY0 . For

oce< (2%, Ay <0 Trerecore , wven r: (%),

WO (20) 5 s a(F)i =2

A(®) = 270t X270 -

A'éo >0

_%

Tooor inecost (¢ mintmied.

H R : hetght @nd radius o¢ (arge cone

Ex. “
CI“ H h,r: hecont and radis of cmall cone
[y

find h that maximize tne volume ot the small cone

al N MLk A
o
I‘- The volume ¢ thesmall cone (s VO =370t 2h =4 LRk
¢ 1
— --%:'-;(H Wh, 04 k(H o <o
Vil = ,H. [ 2(8-myh + (4-n)*] -ﬁ(H-h)(u’sm 3
For 0&h<H | 40solve V(W) =0, we have »\- . for oa\c ,V(hY 0.

-

For §<heh, vim <o, When h=§ e :3p, the max vaue.
ActleT e (s Do Ers Rele Ve paTe (ayUs o
Knawn. F'z£ What (s the gunceion F 7
Ex. v(£) : velotehy eunckton  x(6) = V) 5 X () ?

x(E) : pos@iONnfunction

o&. A qunction F (S called anantiderivative o€ ¢ on an open inter-
val 1 ¢ F(©=R9 foral x (n I,

Twn [£ F(X) (s an antider(vative of £, then the moct general anttderwa-
twe of £ onTis FOFC where C is a constant.

Procg. (Fo0 +€)7 = B0 4 (€Y = £0) +0 = £(6) by the cact [FOO (san ant-

derivatve o6 £ 1. S0 FOO+C (5 antidervate oe <.

Grexy - F(x) =£-£20,

forall ® (n I Therefore is a constant C cyci that GOO -FxY=C.

Cs0+ Mo Ca La U2Satoa Outd

I wecan £ind @ eunciton F(K) 1S an ant{deriVative of {, rhen any amt-

Assume G (s antidervative of € . Then (Gx)-Ex))’ =

derivative of € is ¥h€ core KRG

‘Fuacttons Antt derivative
X" (n£-0 X
xT Inix\
e €%
b* i&%’b‘
Sthx -COSX
cosx s(nx
sec?x tanx
seextaanx Secx
= sin"'x
EE tan'x
Ex. Find all g such that 9(x) =ysinx * & ,<J;

x\«-u_ I LS x h—l

Sol. 910 = ystnx t axM - x7 =4 .S6 , 90 = Y (-cosx) * T o
= =Y COSX + ;X -axia +C where C (s a cons tant.

D\'fferenfl'al equation : Anequation that tnvolyeg 4ne derivgti-
Ve o a function.

Ex. Find € ¢¢ [600 = €%+ 2001+ ™5 £¢od
fmral condetton

-27: (nedtal value €unciion
Sol. The antrderyative of £/ g R*+20tan™'x 4+ C. So *e form og
£0%) i B +20tan'X +C. Scnce €00 2 -2 , e man®

-2 =fc) = €°t20tan"o+ ¢ = C=-3

Theregore . The Particular colutton is £ * € 420tan-'x -3,

Ex. u.v

Cpopulation density o€ 2 specces

A UuO-u-ev) 5 ‘:—‘% =V(-V-hu) 5 Two specres competition Sysem.




