Calculus Quiz 2 2020/10/28

Department: Student ID: Name:
1. Find the derivative of the following functions.(You need not to simplify your answer.)
d”  sin’z cos?
10 point
(&) d31:7(1+(:0tx+ 1+tan;1:) (10 points)
d val 2
(b) %—x(csc—l(%)) (10 points)
(c) a(logy(logxz sec)) (15 points)
Solution:

(a) Primarily, we can simplify the formula because direct differentiation is difficult.

d”  sin’z cos? x d” sin® cos®

dx7(1+c0tx + 1+tanx)

dz"‘sinz 4+ cosz  sinz -+ cosz
d7 sin®x + cos? a:)

d:z:7( sinx + cosx

d7

= F(sin2 x — sinx cos x + cos” )
T
d7” 1 .

= ﬁ(l — 58111237)

= 64 cos 2z

(b) Using the chain rule, we have

2
‘ r—V1422-1

Lot (P - — e :
x x
(c) Let y = logoe (logxg secx), we want to find ¥’
(2%)Y = log 2 secx
d
5(2”) = a(logxz sec )
d
2.2 (y+ay') = a(long sec )
1 1 d
y = E(ln > Tog asect | a(logﬁ sec ) — logox (long secx))
x

Let u = logmg sec z, we want to find u’'.

(23" = secx

d d
a(x%) = a(sec x)
d gul
_— (p2ulnzy _ t
o (e ) =secxtanz
2
2T () Inx + _u) = secz tanx
x
1 1 log 2secx
= (Z¢ R
lnx(2 ane x
So, we can conclude
1 1 1 1 log 2secx
y = (§ tanx — —L ) — loggz (log 2 sec x))
x

T 1n2~10gx2 secr Inx



2. Show that
dn

—(e* sinbx) = r"e** sin(bx + nb
dxn

where @ and b are positive numbers, 72 = a? + b, and 0 = tan_l(a).

(Hint: You can use the principle of mathematical induction to prove it.) (20 points)
Solution:

First, show that n = 1 holds,

d—(e‘”” sinbx) = ae® sin bx + be®® cos bx
T

b
= Vva? + b2e*(sin b ——— + cos by ————
( va va?+ b2>

a b b
Let r = Va2 + b2, cos) = ——, sinf) = ———, and 0 = tan"*(—).
Y vare M v "
07
d : . . .
— (" sinbx) = re®(sin bx cos cosbxsinf) = re®” sin(bx .
1 (" sin bx) “(sinb 0 + cosb 0) “ sin(bx + 0)
x
Second, suppose that n = k holds, that is,
d” . .
P (" sinbx) = r"e® sin(bx + nb)
xn

We want to show that n = k + 1 holds,
dn+1

d n_axr .:
EpEsT —(r"e* sin(bx + nd))

dz
= ar"e® sin(bx 4+ nb) + br'e*” cos(bx + nb)

= Vva? + b*r"e®(sin(bx + nb)

(e* sinbx) =

+ cos(bx + nb) )

a b

= r"te sin(bz + (n + 1)6)
By the principle of mathematical induction, the formula holds for all n € N.

3. The curve (22 + y?)? = 22 — y? is called a lemniscate. Find all points of the curve at which
the tangent line is horizontal. (15 points)
Solution:

By implicit differentiation, we have
2(x% + y*) (22 + 2yy') = 22 — 2y
In order to find horizontal tangent line, let ¢’ = 0, and we have
da(2® +y*) = 22

2

1
That is, z = 0 or 22 + ¢? = 3 Slove z, y subject to (22 + y*)? = 2% — y?, we have

(x y) (O 0)7(125’122)7(>£§7__}£2)7(__lgé’122)7(__}£§7__l£§)

Ruling out the first improper case, we have

Jovi VB VB VBB VB Vo
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1

4. Let f'(r) = ——— and [f"(z) = ———, Find ¢"(z), where ¢g(z) is the inverse
f'(z) 0 f"(x) @ =1 9"(x) 9(x)
function of f(z). (15 points)
Solution:

By the definition of inverse function g(f(z)) = z, we have

Similarly, the second derivative is

g"(F@)(f (@) +g (f(2)f"(x) =0

" _ g(f(@)f" (=)
p _ ")
nipy - 1(9(2))
T = )P
So, .
npy - Jle@) =1 1= fe(@)
S SR ((105)
V11— f3(g())
Since f(g(x)) = x, we have
9"(x) = 11__23 =1+ + a2

. If P(a,a?) is any first-quadrant point on the parabola y = x?, let @ be the point where the
normal line at P intersects the parabola again. For what values of a does the segment P(Q)
have the shortest length? (15 points)

Solution:

The slope of the tangent line is the derivative of the parabola at x = a which is 2a. Thus,

the slope of the normal line is the opposite of reciprocal of 2a, which is 50 Now using the
a
point-slope formula, we find the equation of the normal line

1 2
y=—5(o—a)+a

To find the coordinates of (), we solve the system of the parabola and the normal line, and



use substitution method,

1
o L. 2
¢ = 2a(a: a)+a
xQ—aQZ—i(x—a)
2a
.\ 1
r+a=——
2a
B 1
- 2a
1 1
= ——(—— —2a — 2
Y 2a( 5 a—a)+a
1
2
- 14—
Yy =a° + +4a2

1 1
Hence the coordinates of Q(—a — 2’ a>+1+ E)
a a
Now we find the segment P(), and let the segment be D(a).

Then, using the distance formula, we have

By Fermat’s Theorem, if D?(a) has a local maximum or minimum at ¢, which is critical

d
e Yoo . Y _
number, and if daD (¢) exists,then daD (¢) = 0, we have

d

—D*a)=0
—=D*(a)

3 1
B0 = 58 " dgr

32a% —6a®> —1=0
(2a* — 1)(4a* +1)* =0

a==+

Sl

Since we know a is a positive real number, we get a =

1
%.



