Differentiation

POLYNOMIAL & EXPONENT

1. %c = 0, cis a constant

2. %x" = n - 2" 1, nis any real number

Proof. For the case n is a positive integer:

(a+b)"=a"+Cla" o+ -+ C"D"

d , . (x+h)"—2z"

—z" = lim

dx h—0 h
_lmf$”+nw”4h+~-~+h"—z”
 h0 1
= }llim nz" !+ n(n2— ):1:”_2 + A1
= _>7Sw"_1

TANGENT

Differentiation



The equation of the tangent line: y — f(a) = f'(a)(z — a)

The equation of the normal line: y — f(a) = #i)(:c —a)

TangentlineL mp -mp = —1= mp = m% = Fa)
mp: slope of normal line

See Example 1

e fl@)=c- L f(z)

A f(2) £ g(@)) = & f(z) £ Lg(a)

/INOTE// Where f and g are differentiable function

See Example 2

d _zr __ _z
. dme —
em—i—h P eh -1
Proof. —e* = lim ————— = €*lim = e”.
T h—0 h h—0 h
———
1
h_1

e
Recall the e number is the number such that }llin%)
_>
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fx) = &

1 Slope of tangent = 1
whenx=1
3

2 /1 o 1 3

See Example 3

PRODUCT & QUOTIENT
(978 (L) 7%
1. Product rule

f - g: differentiable function
= f - g is a differentiable function and (f - g)’ — f’g + fg'

Proof.
(f - g)/ _ }133%) f(z+ h)g(x -|-hh) — f(z)g(z)
lim 7 (@ + Mg+ h) — f(e)gle+ h) + F@)gla + ) - f@)g(a)

h—0 h

= e h})L_ 1) g+ )+
ejggts
;ltii% g(x + h})L — g(x) @)
— F(@)a(x) + f(2)d (z)

/INOTE// Since f and g are differentiable
See Example 4 & 5
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2. Quotient rule

3)-

TRIGONOMETRIC

See Example 6 & 7

d |

— sinx = cosx
T

d :

—cosT = —sine

dx

— tanz — sec’

dx

See Example 8

d" .

Jon ST =

(cosz, n=4k+1
—sinz, n=4k+ 2
—cosz, n=4k+3
| sin z, n = 4k

See Example 9

CHAIN RULE
d

dx dx

el _12019:?

(= 1)

Idea.Setu:w—1—>Z—“:1
i

d
Known. — 2019 — 20192018
du
—U —_ - .
du

du dx

Differentiation

flg—fdg'
g2
d 2
—cotx = —csc' x
T
d
%sec:c:seca:tana:
d
%csc:c:—csc:ccot:c
d’n
—— CoST =
dxn
(—sinz, n=4k+1
<—cos:c, n =4k + 2
sin x, n=4k + 3
 cos , n = 4k

—(x—l)zzi(x2—2x+1):2x—2

= 20194218 .1



N d
dz
If g is differentiable at = and f is differentiable at g(z), then the composite

function F' = f - g defined by F(z) = f(g(x)) is differentiable at « and
df(u) dy du

F'(z) = f'(g(x))g' (). 1f we sety = f(u), u = g(z), == = —= - ——.

Given a F(z), we want to find y = f(u) and u = g(z) such that:
1. F(z) = f(g(z))
d dy du
/INOTE// Easier to compute

(z — 1)%1 = 2019(z — 1)2*8

See Example 10 & 11

POWER RULE

d
2o 9@ =n- g(@)]" " - g'(x)
See Example 12
d .
—b* =Inb-b”,b > 0is a constant
dx

Proof. b = (elnb)m — elnbe
d T d Inbz _ Inbzx d _ 1z
%b =€ =e %(lnb z)="b"-1nb

See Example 13

INVERSE

f~1(z) is an inverse function of a differentiable function f. Then f~! is also
differentiable function.

d ., . 1
A (TRIE)
Proof. £(f (@) =2 = - f(f (#)) = e =1

Differentiation



d

By chain rule, f(f (x)) - . ) =1
S Y
“w!l O Fry
(FYY ) = f,ta) where f(a) = b

See Example 14

IMPLICIT
Circle: 22 + 3> =25 = y = v/25 — z2 or — /25 — 22

/INOTE// y is depend on x

How to compute —y?
dr

Method of implicit differentiation

Steps:
1. Differentiating both sides of the equation

d
2. Solving the equation obtain in step 1 for &

dx
See Example 15-17

INVERSE

Differentiation



sin !z + cos 'z =

4 O

cos T

tan 'z + cot lx =

-1 1T
CSC ~ & + sec = —

2

d ., 1
— S1n r =

dz V1 — z?

A
\Q") sin"'z

Proof. Set y = sin ™! &, then sin y = x. By implicit differentiation,

dsin _ 4 = COS dy—lidy— L
de YT Gzt Y de ~ dxr  cosy

m m
Since y = sin™ ! &, we have —3 <y< 3 and cosy = 4/1 — sin?
V1 — 22,

d . 4
Therefore, — sin "« =

dx V1—z2

4 sl _i(z_-—l )__;
dwcos a:—dx 5 sin” "z ) = 0
— tan 'z = 1 iot_1 = — 1
R QR dz " T T2
d — 1 d 1 1
—seC = ——— —cs¢C = ————
T zv/x?2 — 1 dr zvr2 — 1
See Example 18
LOGARITHMIC

4.1

dx nx—w

Differentiation



d d

Proof. Set y = In . We have ¢ = x and %ey == 1.
dy dy 1 1
e - =1=-==—=—
© dx dr € =«
1
Proof. (f 1) (z) = ————
U@ = 5@
fl@)=¢" f (z) =Inz; f'(z) =€
T R S
~ f'(lnz) ez g
d 1
%logaw lrla,a>0,a751
Inz
Proof. log, * = —
Ina s
1 do~ 1
—log,x = — - —Inha =
dx Ina dx zlna
d g (z) d
—1 — ! = . —1
- ng(z) o(2) = g (z)=g(z)- -~ Ing(z)

/INOTE// By Chain Rule
See Example 19

Giveny = f(z); Z—y =7
T

1. Iny = In f(x)
Simplify In f(z)

/

d
2.y =y ——Inf(z)

T ingle) = 28 ¢(0) = g(0) - 7 ng(o)

/INOTE// By Chain Rule

d 1

d d 1
Proof. Forxz >0, —In|z|= —Ilnax = —
dz dz x

Differentiation



d d (—z) -1 1
Forz < 0, %In]wl = %ln(—:z:)— ==

See Example 20

il 9(z)
dx [f(ac)] // use logarithmic differentiation

Proof. f(z) =Inz; f'(z) =
n(1%h) -1
h

1=f(1) =1 = lim(1 + A)*
f(1) = lim l hlgg](l +h)
e = el — elimhﬁo In (1+h)% — eln (limp 0 (1+h)7) — ].im(l + h)%
b ~\~ 4 h—0

In z is continuous

1
Seth=-;n—o0c0o=h—0"

1 n
lim (1—i——) = lim (1+ h)

n— 00 n h—0*

=

=€

e’ = lim <1 + £>n
n

n—oo

RELATED RATES

Giveny = f(u); u = g(t)

d

d_y = the rate of change of y with respect to u
U

du ]

p = the rate of change of u with respect to ¢

How to know the rate of change of y with respect to t?

Differentiation



By chain rule dy = Yl
. Y At du dt

See Example 22 & 23

LINEAR APPROXIMATION
By definition of the derivative, we have f'(a) = lim M.

T—a Tr—a
By definition of limit, we have M ~ f'(a) when z =~ a.
T—a

Then the approximation f(z) ~ f(a) + f'(a)(z — a) is called the linear
approximation of f at x = a.

Def. L(z) = f(a) + f'(a)(z — a) is called the linearization of f at a.

See Example 24

DIFFERENTIALS

y = f(z); f : differentiable function
d
The differential dy is defined by dy = f'(z)dz = d—y = f'(z)
x

Az : change in z. The corresponding change in y is Ay = f(x + Az) — f(=)
\\ Change of f from z to x + Ax
\dz = Az

See Example 25

CONCLUSION

1. When Az becomes smaller, the approximation Ay =~ dy becomes better.

2. For more complicated function, to estimate the change, the differential is
useful.

Differentiation



MARGINAL COST

C(z) : cost function

Czx+1)—C(z) = C'(x)

EXAMPLES

1. Find the tangent line and normal line to the curve y = x+/x at (1,1)

_.3.dy _ 3.1
Sol. y=z2; 2 = 5?2

The equation of the tangent line is

3 3 3
y—lz—(l)%(az—l)—>y—1:—az——
2 2 2

3 1

= - — —

Y793

The equation of the normal line is

— (z—1)—>y—1 22
— p— €r — — = ——Z —
ST SRR

2 n 5)

= ——X —

VT3 T3

2. Find the points on the curve y = z* — 622 + 4 where the tangent line is
horizontal

Sol. ¢y = 4x2% — 12z

The tangent line is horizontal means y' = 0. To solve y/ = 0, we have
423 — 122 =0 = = = 0, £ /3. So, the points are
(0,4), (v/3,-5), (—v/3,-5).

3. At what point on the curve y = €” is the tangent line parallel to the line
Yy = 2x?

Sol. Since the tangent line is parallel to the line y = 2z, we have v/ = 2.
So, we need to solve 2 = 3/ = €*. Then we have = In 2. Therefore, the
point is (In2,e*2) — (In2,2).

4. (a) f(z) = ze®; f'(z) =7

v=z—u =1

Differentiation

I



v=e®* >V =¢"

fl(x) = €* + ze® = e*(1 + z)
(b) f"(z) =7

u=¢e" > u =e"

v=14+xz—>v =1

f'(x) =€e"(1+x)+e* =€e*(2+x)
Therefore, f"(z) = (x + n)e®. To prove f"(x) = (z + n)e®, we use the
induction.

Forn=1,
Assume n = k,

Forn=Fk+1,
Fl(z) = [(z + k)" = e* + (z + k)e” + (z + (k + 1))e”.

By induction, we have f"(z) = (n + x)e”.
5. f(z) = Vzg(z); g(4) = 2, 9'(4) = 3; f'(4) =7
Sol. (¢) = (/&) g(z) + Va9 (2)
fl4)=134)2-2+V4-3=61
2 +x — 2
6.y= ——-+—y =7
4 z+6 4
So.,u=xz24+2z—2—>u =2x+1
v=zx+6 =279 =1

(i)’: 2z +1)(x+6) — (z® +z — 1)

g (z + 6)2
2
2
7. F(a:)—3w i \/E;F’(a:) ?
T
2
2
Sol. F(z) = % Z PR
1
F'(r)=3+2 (—5) zi=3_—g*

Differentiation
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sSeC T

8. f(x) = —————, f(z) =7 What value of x does the graph of f(x) has a
1+tanx
horizontal tangent?
1 1 1
— COS T — COS T J—
Sol. f(w) - 1 + sinz (cos z+sin ) T sin x + coszx

0 — (cosz — sin :1:3

f(z) = =

(sinz + cosz)? (sin z + cosz)?

Sinx — cosT

The graph of f has a horizontal tangent at  means f'(z) = 0.
f'(x)=0— —cosz +sinzx =0 — sinz = cosz — tanz =1 —

T
T = 1 + nm, nis any integer.

d2
9. ﬁx:—xzﬂc:sinx
T

10. f(z) =va? + 1, f'(z) =7

du dy 1

Sol. Setu =2’ +1; — =2x;y = Vu; — = ——

oLeetu=a " dx vy \/E’du 2\/u
dy du 1 x

F@) =4 @ =2 = Jarr1

Ifwesetu::cz;y:\/u—i—l;g—z:?x

d
1. — sin? z =7
x
du d
Sol. Set u =sinx; y = u?; — = cosx; A 2u
dx du
dy du
By chain rule, — sin® z = & s _ 2u-cosx = 2sinxcosx =
dx du dx
sin 2x
1 , 0
12. f(z) = s f(z) =7

Vo el
(2) = ) -4 4 _ L
Sol.4f(a:)——§(a:2—|—w—|—1) .dw(x2+m+1)——3(a:2—i—x—|—
1) 32z +1)
13. f(x) = sin (cos (tan z)); f'(x) =7

Sol. f'(z) = cos(cos (tan z)) - — cos (tan x)

dx

= cos (cos (tanz)) - (— sin (tan z)) - di tan x
T

Differentiation

13



— — cos(cos (tan z)) - sin (tan z) - sec® z

!/ 2 —1\/
14, £4) =5 £(4) = 5 () (6) =
1
sol. (f71)(5) = since f(4) =5, f1(5) =4
(F6) = frggyy See O =5.7166)
1 3
“1Y(5) = 2
FY6) = 5 = 5
15, (@) & + o = 25; W o
dx
Gy Los b2 4 2
Sol. dw(iU +y)—dx25$dxm —f—dx\y/ =0
J p y=f(z)
By chain rule, 2z + 2y_y =0= “@__ T
dx dx J

(b) The equation of the tangent to the circle 2 + y* = 25 at (3, 4)

Sol. The slope of the equation tangent is

dy B _3
dx 4
(xvy):(3a4)
, , 3
The equation of the tangent is (y — 4) = —Z(ac — 3).
16. o/ if sin (z + y) = y? cosz
Sol. = (in (¢ + y)) = 5 (4 cos2)
. —(sin = —
I z+y 7 (Y cosz
cos (z + y) d(a:—l— ) = L cosz + g dcosa:
Y Y=\ dz? Y \dz
dy o dy . 2
cos (z + y) (1 + d:c) = 2yda¢ cosx + (—sinx)y
d d
cos (z + y) + cos (z + y)ﬁ = 2ycosm£ — 1y sinz

(cos(z +y) — 2ycosx);i—i — —ysinz — cos (z + %)
dy  y’sinz + cos(x + y)
dz  2ycosz — cos(z + y)

17. 9/ if 2* +y* = 16

Differentiation



3
Sol.i(w4+y4)— i16:>4az: + 4y° ;Z _O:>@_—x—

dx dz dz Y3
" N 3 —32%y° +2° - 3P &
\ Y
B —3x%y® + 23 - 3y? (—z—3> 32 — 3aby]
- 6 - 6
163/ Yy
24 4
-3
LR N
18. f(z) = ztan"' V/z; f'(z) =7
Sol. f'(z) = ' tan"* /2 + z(tan~ 1\f)
1
—tan ‘vz + - ?/f i'l—l—w
T
— tan ! S Sl
an \/:Tc—|—2(1+w)
09 al1 z+1
dr VT —2
Soliln(x+1)— 1 (x+1)_\/x—2
dx Ve—2/) m;_12 Ve—2) z+1
9(z)
V=2 —(x+1) ;7=
(Va —2)
E-n e
(z+1)(z—2) 2(x+1)(xz—2)
1 1
Sol ln%zln(w+1)—§ln(w—2)
d z+1 d 1 d
21 -2 1) =2 In(z—2
e Bl Rl R R C
1 1 B z—95
x4+l 2x-2) 2(z+1)(z—2)
z5/72 + 1 )
20.y=—"—>w Y =
(3z +2)°
svz?l+1 4 1
Sol.lnyzlnﬁ:glnx+§1n(m2—|—1)—5ln(3m—|—2)

Differentiation



d 11,1 2 3
— In — . — — —

dz VT3 2 2y 3z + 2
dy 4 n r 15 B
dz I\3z " 2@+1 3z+2)

Sol.lIny=InzV® = \/zlnz

i%lny:dix\/ilnw
dy 1 1 N
— - —=——=Inx+ —
dr y 24z x

dy 1 (Inzx Ve (Inz
— =yl —=|— +1 = — +1
dx Ve \ 2 v\ 2
22. There is a balloon is a balloon.
Volume 1 100cm3 /s

radius 1?7c¢m /s when diameter = 50cm

Sol. Set V is the volume, r is the radius. Then V(1) = 37r3. By

dV d
assumption, — = 100 and r = 25. We want to know or
dt dt ”

r=

Differentiating V'(r) on both sides with the respect to ¢, we have

av _ e 4 _dr 1 dV
dat o d T At dnr dt

dr dr 1 1

@| | T a0 g

Differentiation



S
C v A rate: 90km/h

z : distance between A & B

B 60,y=80
\Q') rate: 100km/h
23.
Sol. Set x is the distance between A and C, y is the distance between B
and C where C' is the intersection. Let z is the distance between A and B.
dzx dx
— = —90; = —100
dt dt
Also, 22 = 2% + 9?
d, 5 d
_|_
dt( )= dt( Z ’)
_4..9% 4%
= dt 2 T2y .
When z = 60, y = 80, we have z = 100 and d_: = —134km/h.
24. (a) Find the linearization of f(z) = sintzatz =05
1
Sol. f(z) =sin 'z; f'(z) = ——
1— 22

The linearization of f at z = 0.5is £(0.5) + f'(0.5)(z — 0.5)

-3 ()55 (-

(b) Use linear approximation to estimate sin~10.49
Sol. sin ! 0.49 ~ L(0.49) = £(0.5) + f'(0.5)(0.49 — 0.5)

™ 2 T
= —+ —(—0.01) = — —
6 \/§( ) 6 10043

Differentiation
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25. Compare Ay and dy if y = f(z) = 23 + 22 — 22 + 1 and = changes:
(a) 2 to 2.05

Sol. Ay = £(2.05) — f(2) = 0.717625
dy = f'(z)dz = (3z% + 2z — 2)dx
From 2 to 2.05, dz = 0.05 — dy = f'(2) - 0.05 = 14-0.05 = 0.7
(b) 2 to 2.01

Sol. Ay = f(2.01) — £(2) = 0.140701
dy = f'(2)(2.01 — 2) = 14.0.01 = 0.14

Differentiation
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